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The s t ab i l i t y  of t r a n s i e n t  flow in a cy l inde r  of an idea l  i n c o m p r e s s i b l e  fluid with a f ree  
boundary is s tudied.  There  a r e  20 d i f fe ren t  c a s e s  of the behav io r  of s m a l l  d i s t u r ba nc e s  as 
a function of the p a r a m e t e r s  of the p rob lem.  In p a r t i c u l a r ,  if  su r f ace  tens ion is  not taken 
into account  a round je t  i s  s tab le  with r e s p e c t  to ax ia l ly  s y m m e t r i c a l  d i s t u r ba nc e s ,  but  the 
in t roduct ion  of c a p i l l a r y  fo rces  leads  to a s t rong  ins tab i l i ty .  

The s t ab i l i t y  of aons ta t iona ry  flow in a s t r i p  of idea l  i n c o m p r e s s i b l e  fluid with a l i n e a r  ve loc i ty  f ield 
was examined  in [1]. This flow proved to be unstable  when sur face  tens ion was not taken into account ,  
while the in t roduct ion  of su r f ace  tension s t a b i l i z e s  the flowo 

The gene ra l  p rob l em of the s t ab i l i t y  of noas ta t ionary  c u r r e n t s  of an ideal  i n c o m p r e s s i b l e  fluid with a 
f ree  boundary  was fo rmula ted  in [2] by L. V. Ovsyannikov.  Examples  demons t r a t i ng  the diff iculty of s tudy- 
ing ins tab i l i ty  a r e  a l so  p r e sen t ed  t he r e .  

The case  when the f ree  boundary  has the fo rm of an e l l ip se  was analyzed  in [3]. It develops  that  if  a 
s t anda rd  in L 2 of the d i s tu rbance  potent ia l  is  taken as the m e a s u r e  of the s t ab i l i t y ,  the flow is  s t ab le .  But 
i f  the s t ab i l i t y  i s  judged by the devia t ion  of the f ree  boundary  f rom i ts  undis turbed  s t a te ,  the movement  is  
uns tab le .  

The s t ab i l i t y  of nons ta t ioaa ry  flow in a cy l inde r  of idea l  i n c o m p r e s s i b l e  fluid with a f ree  boundary  is  
examined  h e r e .  

1 .  F o r m u l a t i o n  o f  P r o b l e m  

A reg ion  ~ ,  f i l led  by an idea l  i n c o m p r e s s i b l e  fluid, is  r e p r e s e n t e d  by the cy l inde r  0 _< z _< h, x 2 + 
y2 ~ R 2. H e r e ,  x, y ,  and z a r e  E u l e r  coo rd ina t e s .  The cy l inder  is  bounded by two i m p e n e t r a b l e  wa l l s .  The 
l a t e r a l  su r face  G is  f ree  and the p r e s s u r e  undergoes  a d iscont inui ty  a t  G: P--Pl = a /R ,  Pl = coas t ,  and a is  
the coeff ic ient  of su r f ace  tension.  The cons tant  Pt is  taken as equal to zero  without r e s t r i c t i o n .  At the 
t ime t = 0 one of the wal l s  suddenly begins  to move with a ve loc i ty  V = coas t ,  while the o ther  r e m a i n s  s t a -  
t iona ry .  

The b a s i c  solut ion in the Lagrange  coord ina tes  u,  ~, ~ has the fo rm [2] 

x = a ~ ,  y =a ~ l ,  z = a - ~  
p = ~l~aa" (t~ 2 - -  ~ - -  ~1 ~) + ~ I l ~  (1.1) 

a = (l  -l- x t )- ' l , ,  x = V / h 

A pr ime  denotes  d i f fe ren t i a t ion  with r e s p e c t  to t~ For  a l l  t -> 0 the f ree  boundary  is  the round cy l inder  
0 _< J _< h, ~2+ 2 =  R 2. With an i n c r e a s e  in t the cy l inde r  ~ con t rac t s  toward the axis  x = y = 0 for  ~ > 0, 
while for  ~ < 0 i t  expands to inf ini ty  in a t ime t* = - i / ~ .  
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L e t  u s  e x a m i n e  a n o t h e r  s o l u t i o n  in the r e g i o n  ~ ,  bu t  with c o n v e r t e d  i n i t i a l  func t ions  

%, (l) = % (~) + ~o  (t), a r  = o (1.2) 

We s e t  
x * = x + X ,  q~* = q~+xtX + 0  

Then the p r o b l e m  of  the e v o l u t i o n  of  d i s t u r b a n c e s  in the  b a s i c  so lu t ion ,  which  t a k e s  p l a c e  u n d e r  the  
i n f luence  of  a s m a l l  d i s t u r b a n c e  in the  i n i t i a l  funct ion  (1.2), in  the  l i n e a r  a p p r o x i m a t i o n  has  the f o r m  [2] 

div M-*M*-* V$ = 0 (~ ~ ~) (1.3) 

I 

(1)t + P + xt tM f M - ~ M  ~-~ V(I) dt -=-- 0 . (~ ~ F) (1.4) 
0 

= ~o (~), a O o  = o ,  (t = o) (1.5) 

H e r e  P i s  the l i n e a r  s e c t i o n  of  i n c r e a s e s  in  the  func t ion  ( r (R~  + R ~ ) ;  Rl and R2 a r e  the p r i n c i p a l  
r a d i i  of  c u r v a t u r e  of  the n o r m a l  d r o s s  s e c t i o n s  a t  the g iven  po in t  of the  d i s t u r b e d  s u r f a c e ;  M i s  the J a c o -  

P 
b ian  t r a n s f o r m a t i o n  m a t r i x  x = x(} ,  t); and f r o m  (1.1) M = M* = d iag  (oL, ~ ,  o~-2). 

We change  to the c y l i n d r i c a l  c o o r d i n a t e s  p,  0, ~ t h rough  the equa t i ons  

Then Eq.  (1.3) g i v e s  

F r o m  (1.4) we ob ta in  

= p  c o s O , ~  = p s i n O ,  g =  

~ p  + p-t~p -F p-24~oo + as'Ibex, = 0 (p < R) (1.6) 

i 

0 

We s h a l l  d e s c r i b e  the b e h a v i o r  o f  the d i s t u r b e d  b o u n d a r y  of  the c y l i n d e r  b y  the n o r m a l  c o m p o n e n t  of  
v e c t o r  X.  A c e o r d i n g  to [21, 

t 

X = M f M-1M*-* V(I)dt 
0 

Then  we ob ta in  f o r  the  n o r m a l  c o m p o n e n t  

t 

n * =  i--~-dPodt (1.8) 
0 

The equa t ion  of the d i s t u r b e d  s u r f a c e  in c y l i n d r i c a l  (Euler )  c o o r d i n a t e s  h a s  the f o r m  

O = R a  + ~l* (O, z, t) 

An obvious  e x p r e s s i o n  fo r  R~ "1 + R21 can  be  found f r o m  the d i f f e r e n t i a l  g e o m e t r y  a c c o r d i n g  to w e l l -  
known e q u a t i o n s .  Then,  in view of  the s m a l l n e s s  of  7"  and  i t s  d e r i v a t i v e s ,  we c a r r y  out  an  e x p a n s i o n  wi th  
r e s p e c t  to i t ,  and  we r e t a i n  in  th i s  e x p a n s i o n  the t e r m s  l i n e a r  wi th  r e s p e c t  to ~/* and  i t s  d e r i v a t i v e s  

1 I 1 ~* %o* 
RI ~ R2 R~ llZ~ '' R2~ ~lzz*~ �9 �9 �9 

In L a g r a u g e  c o o r d i n a t e s  

1 1 1 ,1" %0* (1.9) 
R--I- ~- ~ = Ru R~cC- R2a 2 a~[1;;* + " " " 
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2 ~ 

The first term of the expansion corresponds to a purely cylindrical surface. 

Separation of Variables 

We shall introduce the dimensionless variables through the equations 

Pl --> --h- p a3, a --~ t, ~l -~ -?T'~ @i --~ (Rh• -~ ~13 (2.1) 

Then f r o m  (1.6) and  (1.7), t ak ing  (1.9) in to  a c c o u n t ,  we ob i a in  (the i n d i c e s  a r e  o m i t t e d  fo r  s i m p l i c i t y )  

i R~ (2.2) 
Op~ + - 7  Op § @ @oo + "F--' O;~ = 0 (p < ~) 

2~ ~ 2h ~j~_ 2~ ~ ? i 
(I)a -~- 3(~2(I)r - -  z.~lthc(a , /~zu J a e (i)p da ~- - F -  ~ ~ q)P~ du + 

1 1 

@ -fiG- -i- 3a a r da = 0 (p = a 3) 
1 1 

(2.3) 

F r o m  (1.8) i t  fo l lows tha t  

I I @ 

t 

(2.4) 

A l l  the v a r i a b l e s  in E q s .  (2.2) and  (2.3) a r e  i s o l a t e d ,  which  m e a n s  tha t  in  the p r o b l e m  of s t a b i l i t y  one 
can  confine the  i n v e s t i g a t i o n  to p a r t i a l  s o l u t i o n s  of  the type  

r = T(a )A(p)  exp i (k~ -i- ~,0) (2.5) 

H e r e  the wave  n u m b e r  k = nTr; n = 0, 1, 2, . . . .  The s p e c t r a l  mode of  X is  an i n t e g e r .  I t  fo l lows  f r o m  
(2.2) tha t  A(p) = I x (kRh -i p) i s  a m o d i f i e d  B e s s e l  func t ion  of  the f i r s t  k ind .  

L e t  us  i n t r o d u c e  the d i m e n s i o n l e s s  p a r a m e t e r s  

A1 = TI~., 

R / h  = ~ ,  a / B 3 u  2 = 7 

d I A2 = i ~  T I , ' d a ,  I z '  = ~ ,. (kRh-ip)!o=~, 
1 

(2.6) 

Us ing  the no t a t i ons  (2.6) we f i na l l y  ob ta in  f r o m  (2.3) a s y s t e m  of  l i n e a r  d i f f e r e n t i a l  equa t ions  of  f i r s t  
o r d e r :  

d A J d a  = - -  [47 ( ~  - -  i) a -4 -~ 4 7~2k2a2 -~ 3 a 3] A 2 

da u2i)" A1 (2.7) 

I t  fo l lows  f r o m  (2.4) tha t  the b e h a v i o r  of  7"  i s  d e s c r i b e d  by  the func t ion  A 2. E v i d e n t l y  

c~ 

I1" = - -  2ha I - ~ -  (I)p da = - -  2haA2 exp i (k~ § XO) 
1 

(2,8) 

3 .  A s y m p t o t i c  N a t u r e  o f  S o l u t i o n s  

T h e r e  a r e  20 d i f f e r e n t  e a s e s  of the b e h a v i o r  of A 2 in d e p e n d e n c e  on the p a r a m e t e r s  fi, y , k ,  and  X of  
the p r o b l e m .  H e r e  we s h a l l  p r e s e n t  the a s y m p t o t i c  n a t u r e  of  A 2 ( see ,  fo r  e x a m p l e ,  [4]). 

501 



Suppose  a c y l i n d e r  i s  c o n t r a c t i n g  t o w a r d  the ax i s  x = y = 0, and the p a r a m e t e r s  ~ and  k a r e  not s i m u l -  
t a n e o u s l y  equa l  to z e r o .  Then 

As ~ a'/, [c~ ch (2~k ] / - -~a- ' /0  -~- cs sh (2~k V'2-~ a-'/0l (~ = 0) (3 .i) 

Aa ~ ~- '" [c~ cos (4~k ~f~ a -'/') -]- ca sin (4~k V~ a-V~)l (~ = 1) (3.2) 

f o r e  �9 

A$ ~ [~-,/4 {c I cos [4[7 V ~ (~2 _ i )  ~ Et-',2] -~- c s s in  ['/7 ] /~  (~a __ i)  7 a-'/']} (X > t) (3.3) 

Suppose  the c y l i n d e r  i s  expand ing  to in f in i ty ,  and  7 and  k a r e  not  s i m u l t a n e o u s l y  equa l  to z e r o  a s  b e -  
In th i s  c a s e  fo r  h we have  

A~ ~ ~-'/, [c~ cos (~/3 V3-~  a'/-') ~- cs sin (~/~ ]("3-~ a'/,)] (3.4) 

L e t  us  a s s u m e  tha t  7 = 0 and k ~ 0. 

t 

Then fo r  the expand ing  c y l i n d e r  we have  

Aa ~ c~ -}- c2a ~ ()~ = 0) (3.5) 

A s ~ c l / a  + cs/(~ 3 (~ = t) ( 3 . 6 )  

Aa ~ a -~ [cl cos ( ~ f ~  - -  4 In a) -F cs sin (] /3k - -  4 In a)] (~> l) (3.7) 

F o r  c o n t r a c t i o n ,  fo r  a l l  h we ob t a in  

A 2 ~ a-'l ,  [c~ cos (2/a ]/-3-~ a%) -}- c2 sin (s/3 ~3-'k~ a'/,)] (3.8) 

L e t  us  e x a m i n e  a p l a n a r  d i s t u r b a n c e ,  which c o r r e s p o n d s  to k = 0. The funct ion  A(p) = ph,  and  b e c a u s e  
the f luid i s  i n c o m p r e s s i b l e  the c a s e  of  X = 0 d r o p s  out .  F o r  e x p a n s i o n  of  the c y l i n d e r  and  ~ ~ 0 we have  

Aa ~ c l / ~  + c~/~z 3 (~ = t) ( 3 . 9 )  

A~ ~ a-'/, {cl cos [4/7 V ~. ( k~ - 1) 7 a-'/~l ~ ca sin L4/~ ~ k  (k~ - -  1) ~ a'/~l} (~ > 1) (3.10) 

For contraction and 7 ~ 0 

Aa ~ c l /a  ~ c2/a 3 (~. = i) 

A2 ~ a -s [ cl cos (V 3)~ - -  4 In a) + c~ sin (]/3)~ - -  4 In ~) ] (k > i) 

(3.11) 

(3.12) 

If  ~/ = 0 and ~ ~ 0  the a s y m p t o t i c  f o r m  c o i n c i d e s  wi th  (3.6) and  (3.7), r e s p e c t i v e l y ,  whi le  fo r  7 = 0 
and ~ - - ~  i t  c o i n c i d e s  wi th  (3.11) and (3.12). 

Thus ,  s t a b i l i t y  i s  o b s e r v e d  fo r  c o n t r a c t i o n  of the j e t ,  whi le  fo r  e x p a n s i o n  the a x i a l l y  s y m m e t r i c a l  d i s -  
t u r b a n c e s  b e c o m e  uns t ab l e  wi th  the  i m p o s i t i o n  of  s u r f a c e  t ens ion ,  with the i n s t a b i l i t y  b e i n g  of the exponen -  
t i a l  type .  By c a l c u l a t i n g  the c o o r d i n a t e s  of  the c e n t e r  of m a s s  one can  v e r i f y  tha t  a sh i f t  of the  c e n t e r  of 
m a s s  in  the  x,  z p lane  t a k e s  p l a c e  in  the c a s e  when ~ = 1 and only  in  th i s  c a s e ;  i . e . ,  a d i s p l a c e m e n t  of the 
j e t  a s  a whole  o c c u r s .  F o r  ~ > 1 the  s u r f a c e  t e n s i o n  s t a b i l i z e s  the f low.  

I t  i s  known [5] tha t  in  the c a s e  of a s t a t i o n a r y  j e t  a x i a l l y  s y m m e t r i c a l  d i s t u r b a n c e s  a r e  u n s t a b l e  fo r  
w a v e l e n g t h s  g r e a t e r  than the r a d i u s  of c u r v a t u r e  of the c r o s s  s e c t i o n .  ~ H o w e v e r ,  in a n o n s t a t i o n a r y  j e t  in -  
s t a b i l i t y  i s  o b s e r v e d  fo r  any  w a v e l e n g t h .  

In c o n c l u s i o n  the a u t h o r  thanks  V. V. Pukhnachev  fo r  f o r m u l a t i o n  of  the p r o b l e m  and  v a l u a b l e  advice~  

I. 

2. 
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